An AdS 2 black hole spacetime is an AdS 2 spacetime together with a preferred choice of time. The Boulware, Hartle-Hawking and SL(2, R) invariant vacua are constructed, together with their Green functions and stress tensors, for both massive and massless scalars in an AdS 2 black hole. The classical Bekenstein-Hawking entropy is found to be independent of the temperature, but at one loop a non-zero entanglement entropy arises. This represents a logarithmic violation of finite-temperature decoupling for AdS 2 black holes which arise in the near-horizon limit of an asymptotically flat black hole. Correlation functions of the SL(2, R) invariant boundary quantum mechanics are computed as functions of the choice of AdS 2 vacuum.
Introduction
Two-dimensional anti-deSitter space (AdS 2 ) has arisen in at least three distinct but related contexts within string/black hole physics. The first is as the near-horizon geometry (together with an S 2 factor) of the extremal Reissner-Nordstrom solution [1] . AdS 2 is a stable attractor solution of the equations which govern how the geometry changes as the horizon is approached [2] , and as such is expected to play a central role in the physics of black holes. AdS 2 made a second appearance in studies of two-dimensional quantum gravity, where it provides an SL(2, R) invariant ground state for Liouville gravity [3, 4] , and a rich arena for the study of two-dimensional black holes [5] [6] [7] [8] [9] . Most recently it is the black sheep in the family of AdS/CF T dualities [10] , having so far resisted a fully satisfactory realization of the duality [11] [12] [13] [14] [15] [16] . One hopes that this can be remedied and that in the process a clearer relation between the different aspects of AdS 2 physics will emerge.
In this paper we investigate properties of both massive and massless quantum field theory on an AdS 2 background. In section 2 we review the appearance of AdS 2 in nearhorizon black hole geometries. This motivates the definition of an AdS 2 black hole as an AdS 2 spacetime together with a preferred choice of time. In section 3 it is shown in the quantum theory that the choice of time affects the vacuum state. We discuss the Hartle-Hawking, Boulware and SL(2, R) invariant AdS 2 black hole vacua and the Hawking temperature measured by various families of observers. It is shown that the vacua defined with respect to Poincaré or global time are equivalent to one another and to the HartleHawking-vacuum. The Boulware vacuum, which is associated to the preferred choice of time, is not in general equivalent. Section 4 concerns the entropy of an AdS 2 black hole.
The classical Bekenstein-Hawking entropy is temperature-independent. At one loop there is an entanglement entropy which depends logarithmically on the Hawking temperature.
This represents a violation of low-energy decoupling between the asymptotically flat and near-horizon regions of the black hole at finite temperature. In section 5 we analyze processes in which the temperature is changed by sending matter into the black hole. In section 6 we turn to massive fields, and give explicit expressions for the Green functions in the Boulware and Hartle-Hawking vacua. The stress-energy expectation values in these vacua are computed in section 7. In section 8, motivated by the AdS/CF T duality, we compute correlation functions of the SL(2, R) invariant boundary quantum mechanics in the various AdS 2 vacua.
AdS 2 Black Holes in the Near-Horizon Limit
In three dimensions, all negative curvature spaces are locally equivalent to AdS 3 .
Because of this, for many years it was believed that black holes did not exist for pure gravity in three dimensions. However, BTZ showed that black holes do exist which differ from AdS 3 only by global identifications [17] . The local geometry at the black hole horizon is the same as everywhere else, but it is globally characterized as the surface from behind which nothing can communicate with infinity. This differs from higher dimensional examples in which the geometry has special features at the horizon.
In two dimensions, all negative curvature spaces are locally AdS 2 . We will argue that, much as in three dimensions, AdS 2 black holes nevertheless exist in pure gravity (without dilatons). Similar discussions have appeared in [5, 18] . One way to describe this is that an AdS 2 black hole is AdS 2 together with a choice of (Killing) time t at infinity for which the full region −∞ < t < ∞ does not cover all of the boundary of AdS 2 . The black hole horizon is then the surface from behind which nothing can escape to the region −∞ < t < ∞. We will see that the black holes so defined have characteristic thermodynamic properties.
AdS 2 black holes naturally arise in the near-horizon limits of Reissner-Nordstrom black holes. Following the discussion of [12] , the full magnetically-charged solution is
where ǫ 2 is the volume element on the unit S 2 . The locations of the inner and outer horizons are related to the Hawking temperature T H and charge via
where L p is the Planck length.
We now consider, as in [12] , the near-horizon limit
with
The metric then reduces to ds
We note that both the the ADM energy 2M = r + + r − and the entropy
T H -independent constants (M = Q and S BH = πQ 2 ) in this limit.
The T H dependence of the metric can be eliminated by a coordinate transformation.
Defining
In terms of
This is known as the Robinson-Bertotti geometry on AdS 2 × S 2 . As illustrated in figures 1a and 1b for the extremal and near extremal cases, the AdS 2 × S 2 region of the full Reissner-Nordstrom geometry is a ribbon which zigzags its way up through the infinite chain of universes.
(a) (b) Since T H can be eliminated by a coordinate transformation, the classical near horizon theory is independent of T H . We shall see in the next section that this is not the case in the quantum theory, because the definition of a vacuum state in general depends on a choice of time, or equivalently a preferred family of observers. An AdS 2 spacetime which arises as the near horizon geometry of Reissner-Nordstrom is indeed endowed with a preferred choice of time "t", namely, the one associated to the Killing vector which generates unit time translations in the asymptotically flat spatial infinity of the Reissner-Nordstrom geometry.
As is evident from figure 2, as this preferred time coordinate t runs over the full range −∞ < t < +∞, only part of of the timelike boundaries of AdS 2 is covered. We shall refer to this boundary region as spatial infinity. The future black hole horizon can then be defined as the boundary of the region from which nothing can escape to spatial infinity.
The past horizon is then the boundary of the region which cannot be accessed from spatial infinity. These horizons coincide with the Killing horizon of the preferred Killing vector.
In the extremal case T H = 0 depicted in figure 2a , the exterior of the black hole is a wedge, the corner of which extend to the far boundary of AdS 2 . For T H = 0 (figure 2b), the exterior of the black hole is still a wedge, but it extends only halfway across AdS 2 . 1 ). The arrows indicate the flow of asymptotic time "t".
AdS 2 Black Hole Thermodynamics
In this section we discuss the thermal properties of AdS 2 black holes. We consider mainly the case of a free massless scalar field, deferring the massive case to section 6.
The quantum state
In order to define a vacuum state we need a metric with a timelike Killing vector. The vacuum is then defined as the state annihilated by positive frequency modes of the field operator. Observers at a fixed spatial coordinate x, in a coordinate system in which the metric is time-independent, then detect no particles.
For AdS 2 there are inequivalent choices of time coordinates or equivalently conformal gauge coordinates. For one such coordinate choice the metric takes the form
The coordinates (τ, σ) are referred to as global coordinates because they cover all of (the universal cover of)
Spatial infinity is at σ = ± π 2 , and the horizons are at τ ± σ = 0. The corresponding vacuum |0 Global , annihilated by modes which are positive frequency with respect to τ , is the familiar SL(2, R) invariant vacuum for a free scalar field on the strip. We shall see shortly that this is equivalent to the Hartle-Hawking black hole vacuum as well as the Poincaré vacuum.
A second coordinate system is the "Schwarzschild" coordinates, which uses the time t appearing in (2.5). t coincides with the time coordinate inherited from the decoupled asymptotically flat region and, as discussed above, defines the black hole horizon. (2.5) can be transformed to conformal gauge by
Since the coordinate transformation (3.2) involves only the spatial coordinate and does not change the choice of time, it does not affect the associated vacuum |0 Schwarzschild .
The Schwarzschild coordinates (t, x) and global coordinates (τ, σ) are related by the coordinate transformation
A natural family of observers are those moving along worldlines of fixed U . This corresponds to trajectories which remain a fixed distance from the black hole horizon.
Since the proper time along such worldlines equals Schwarzschild time (up to a constant), such observers will not detect any particles in the state |0 Schwarzschild . The vacuum with this property is known as the Boulware vacuum. Hence we conclude that
We will see in section 7 that this vacuum has the property that the expectation value of the stress tensor diverges on the horizon.
Since Yet another way to define a vacuum is as the state annihilated by modes which are positive frequency in the Poincaré metric
We use capital T to distinguish the Poincaré time T from the Schwarzschild time t. For −∞ < T < ∞ and 0 < y < ∞ these coordinates cover only the patch defined by τ + σ < ) one can put (3.9) into the form
The contour must be closed in the upper half plane. When n is negative there is no pole in the upper half plane and so the integral vanishes. When n is positive there is a pole at y = i, and the result of the integration is
where L α n is the associated Laguerre polynomial. We conclude that the Bogoliubov transformation is block diagonal, and it follows that the Poincaré annihilation operators are linear combinations of the global annihilation operators and have no overlap with the global creation operators, and hence
This result will be confirmed by the computation of the Green functions for massive scalars in section 6. The equivalence of the global and Poincaré vacua in AdS n has been discussed in [19] . 
We note that in the limit T H → 0, the Schwarzschild metric (3.3) reduces to the
Hence the vacuum associated to the coordinates (3.3) reduces to the SL(2, R) invariant Poincaré vacuum associated to the coordinates (3.13) in the limit T H → 0. The Hawking temperature T H can be thought of as a measure of the non-SL(2, R) invariance of the vacuum state associated to (3.3).
Entanglement Entropy
The presence of a thermal bath of particles around an AdS 2 black hole would normally imply an associated temperature-dependent entropy. However in the near-horizon limit (2.3), (2.4) one finds that In order to compute this entropy one needs to be more precise about how the nearhorizon AdS 2 region of the Reissner-Nordstrom black hole is separated from the asymptotically flat region in the L p → 0 limit. Before taking L p all the way to zero let us choose a fixed value of radial coordinate U = U max which divides the spacetime so that the AdS 2 region is 0 < U < U max while the flat region is U max < U < ∞. U max should be in the mouth region where the geometry changes from AdS 2 to flat, so we take
The arbitrary constant c 0 can be taken to be very small so that the boundary is deep in the AdS 2 region, but is held fixed as L p → 0, so that U max → ∞. We then erect the Hilbert space of, e.g., a scalar field on both regions, with bases denoted |ψ ( 4.2)
The state on the AdS 2 region is then a density matrix
Alternately the state on the flat region is
The entanglement entropy is then defined by 5) and takes the same value for either ρ Flat or ρ AdS . S ent is a measure of the correlation between the portions of the quantum state on the two regions.
Entanglement entropy for black holes has been discussed in [20] [21] [22] [23] [24] [25] . In general there are divergences arising from the entanglement of arbitrarily short wavelength modes which overlap the dividing line U max . We are interested in finite, temperature-dependent contributions to S ent for the vacuum state on the Reissner-Nordstrom geometry. Such a term arises from the S-wave modes of scalar fields, which reduces to a conformal field on AdS 2 .
The vacuum entanglement entropy for a conformal field theory of central charge charge c in curved space was derived in [24, 27] as
In this expression, ρ(σ max ) is the metric conformal factor in the coordinate system used to define the vacuum evaluated at the dividing line between the two regions, and ∆ is a non-universal short-distance cutoff.
The Hartle-Hawking vacuum for an AdS 2 black hole is defined with respect to the global coordinates (3.1), in which
For small L p , U max is large and from (2.6) and (2.8) we have
It follows that
Related (although not obviously equivalent) results were obtained with Euclidean methods in [9] .
Expression (4.9) represents a logarithmic violation of decoupling in the near horizon limit at finite temperature between the flat region and the AdS 2 region. Additional contributions to the entanglement entropy could arise from massive fields as well as higher angular modes of massless fields. However it is not clear if these contributions will survive the near horizon limit since the modes of such fields vanish rapidly near the boundary of AdS 2 . It would be interesting to compute S ent in string theory examples and to investigate its origin in the D-brane picture.
Making an AdS 2 Black Hole
In this section we consider simple processes which change the temperature of the black hole. A general spherically symmetric solution of Einstein-Maxwell gravity corresponding to null matter falling in to a Reissner-Nordstrom black hole is
The null matter has only one nonzero component of its stress tensor:
Let us start with an extreme Reissner-Nordstrom black hole (r − = r + ) and send in a null shockwave of the form
where T 0 is a constant with units of temperature. The meaning of this particular form will shortly be clear. From (5.2) we see that this leads to
where the higher-order corrections in L p will not be important. We see then that the
The shockwave (5.3) increases the Hawking temperature of the black hole from zero to T H , at least in the L p → 0 limit. Now we consider a near horizon limit
The two-dimensional metric then reduces to
We note that in this limit the energy density (5.2) vanishes. In terms of the coordinates
the metric (5.9) takes the Poincaré form
A detector at fixed U = U 0 hence has a worldline
The proper time τ D along the detector worldline is
Since Poincaré time and worldline time are proportional prior to the shock wave, there will be no particle detection in this region. However, after the shock wave, it follows from (5.10) that s − is periodic under imaginary shifts of detector proper time. This implies that the detector will detect a thermal bath of radiation at temperature
14)
The first factor of T 0 is the black hole temperature, while the second is the Tolman factor representing the usual position-dependent temperature for thermal equilibrium in a gravitational field.
In conclusion, (5.9) represents an AdS 2 black hole whose temperature grows as a function of the null coordinate v because matter is being thrown in. A detector stationed at fixed U outside the black hole detects a thermal bath of radiation whose temperature grows as the matter is thrown in.
Massive Fields and Vacua
In this section we extend the previous discussion to the case of massive fields. For the remainder of this paper we set QL p = 1. The proper dependence may be restored using dimensional analysis.
Green functions
We consider a massive scalar field φ with action
The vacuum |0 is completely specified by the two-point function G(x, y) = 0|φ(x)φ(y)|0 .
In Lorentzian spacetimes there are many Green functions. 3 We focus on the Hadamard function 2) which is related to the familiar Feynman propagator G F (x, y) = i 0|T φ(x)φ(y)|0 by
To construct the Hadamard function explicitly for a given vacuum one first finds a complete set of positive frequency solutions (i.e. φ ω ∼ e −iωt where t is the chosen time variable) of the massive wave equation
normalized with respect to the Klein-Gordon inner product, which in conformal gauge takes the form
where the integral is taken over a constant-time slice Σ. We encounter bases {φ ω (y)} defined on the half-plane y ≥ 0 which oscillate as y → ∞ and hence are not integrable.
These modes are normalized by requiring that
This gives the correct relativistic delta-function normalization
Once the modes are known, the Hadamard function is given by
If the spectrum of ω is discrete then the integrals should be replaced by sums.
The global vacuum
In this subsection we construct the Green function associated with the global vacuum.
The wave equation for a massive scalar in global coordinates is
where we write m 2 = h(h − 1). The normalized positive-frequency solutions are [13] φ n = Γ(h)2 
(6.10)
This sum appears in [30] (the mode sum for AdS n is calculated in [31] ) and gives
where
is the SL(2, R) invariant distance function on AdS 2 , in global coordinates. This is the known result [32] for the SL(2, R) invariant Green function of a massive scalar on AdS 2 .
This function has the desired properties: it satisfies the massive wave equation (6.8), has the correct short-distance singularity, G
Global ∼ − 1 π ln |ǫ| for two points separated by a distance ǫ, and G (1) Global ∼ (cos σ) h as cos σ → 0. For a massless scalar h = 1 we recover 13) which is the correct massless Green function on the strip, as may be seen by summing the massless Green function on the plane over a collection of image field sources. This is required by the conformal invariance of a massless scalar.
One may explicitly check that the the same Green function is obtained in Poincaré coordinates (3.7), as expected from the equivalence of the corresponding vacua. The massive wave equation in Poincaré coordinates for a positive-frequency mode φ = e −iωT χ(y)
The normalized positive-frequency modes (which vanish at the boundary y = 0) are 15) so that the Hadamard function for the Poincaré vacuum is
(the integral appears in [30] ) where
is the SL(2, R) invariant distance function in Poincaré coordinates. (6.16) agrees precisely with (6.11) as anticipated. For a massless scalar (h = 1) we recover 
The Boulware vacuum
In this subsection we construct the Boulware Green function. For convenience we temporarily set 2πT H = 1. One can restore T H simply by taking (t, x) → 2πT H (t, x). The massive wave equation for a positive frequency solution φ ω = e −iωt φ(x) reads
The solution which vanishes at x = 0 is 20) where P is the associated Legendre function and we have normalized according to (6.5) .
This gives the Hadamard function
This integral cannot be evaluated in terms of elementary functions. For the massless case h = 1 we have 22) and hence
which again is the correct massless Green function on the half plane. Since it is impossible to rewrite (6.23) as a function of the SL(2, R) invariant distance 24) we discover that the Boulware vacuum is not SL(2, R) invariant. In particular, it is distinct from the global vacuum.
Using a recursion relation satisfied by the Legendre functions one can write down a (very complicated) expression which gives the value of the integral (6.23) for any positive integer h in terms of sums of logarithms and exponential-integral functions Ei(z) ( [29] 8.211). The formulas involved are lengthy and not illuminating. For example, for h = 2 one finds
One can check that G
Boulware constructed in this way satisfies the massive wave equation (6.19) , has the correct short-distance singularity G 
The Stress Tensor
The various vacua in AdS 2 are characterized by differing stress tensor expectation values. In this section we compute these expectation values for both the massless and the massive case.
Two-dimensional Rindler and Minkowski space
We begin with a review of some well-known features of the thermodynamics of twodimensional Rindler space. This will clarify the meaning of the various AdS 2 expressions.
Readers familiar with this topic should skip to the next subsection.
The Rindler metric
is related to the Minkowski metric ds 2 = −du + du − by the coordinate transformation
where κ is a constant. Lines of constant U + −U − correspond to the worldlines of observers undergoing constant proper acceleration κ (see figure 4) .
Consider a massless scalar field in Minkowski space. We may construct the stress tensor operator T µν normal-ordered with respect to Minkowski coordinates, u ± , or with respect to Rindler coordinates U ± . These two operators are related by the well-known formula
Here and henceforth the stress tensor in a given coordinate system is always normal-ordered with respect to that coordinate system. The difference in the two stress tensors reflects the fact that observers which are stationary with respect to different coordinate systems detect different particle densities. Plugging in (7.2) gives
Taking the expectation value of (7.4) in the Minkowski vacuum gives 5) which is the stress-energy density of a thermal bath of particles at temperature T = κ 2π .
4
This may be interpreted as radiation coming from the Rindler horizon. On the other hand, taking the expectation value of (7.4) in the Rindler vacuum gives So far we have ignored the other independent component of T µν , which is determined by the trace anomaly formula
This vanishes for Rindler/Minkowski space but plays a role in AdS 2 , where R = −2.
The stress tensor for massive scalars in Rindler space has been constructed in [33] . 
Massless scalar in AdS 2
We now calculate the stress energy for a massless scalar in AdS 2 . The results are essentially identical to those we obtained in the previous subsection. It is convenient to 4 This temperature is related to the fact that the coordinate transformation work in null coordinates in which the Poincaré and Schwarzschild coordinate systems take the form
where the null coordinates are defined by
From the coordinate transformation (7.9) we find
where T ++ (U + ) is the stress tensor normal-ordered in the Schwarzschild coordinates and
is the stress tensor normal-ordered in the Poincaré coordinates. Taking the expectation of this equation in the global vacuum gives
which is the stress-energy density of a thermal bath of particles at temperature T H (again this is to be expected by virtue of the periodicity of the coordinate transformation (7.9) in imaginary imaginary Schwarzschild time). On the other hand, taking the expectation value of (7.10) in the Boulware vacuum gives 12) which may be viewed as Casimir energy arising from a boundary at the black hole horizon.
So far we have discussed the stress tensor in Schwarzschild and Poincaré coordinates.
In null global coordinates
the stress tensor picks up a term
so that 15) which is the familiar zero-point shift of a c = 1 theory on the strip. Curiously, normalordering in Poincaré and global coordinates lead to different shifts even though the associated vacua are identical. This is possible because in the former case one uses a continuous set of modes, while in the latter one uses a discrete set, and so the infinite zero-point energy sums are regulated differently. The fact that the expectation value of the stress tensor in the global vacuum vanishes in Poincaré coordinates but not in global coordinates also follows from SL(2, R) invariance, together with the observation that the inhomogenous term in (7.3) vanishes for SL(2, R) transformations in Poincaré coordinates but not in global coordinates.
Point-splitting regularization of massive scalars
The calculation of T µν for a massive scalar is significantly more difficult as there is no simple formula such as (7.3). The calculation is complicated by the fact that the expectation value of an operator such as T µν which is quadratic in the field φ is formally divergent and must be regularized and renormalized. We implement the regularization by using the point-splitting technique 5 , reviewed briefly below.
The stress tensor for a massive scalar field φ is
In conformal gauge
one has
Following [35] , we define the point-split stress tensor operator as follows. Consider any non-null geodesic through x, and let x µ (ǫ) = (w + (ǫ), w − (ǫ)) be the point on the geodesic at a proper distance ǫ > 0 from x. The geodesic may be characterized by its normalized tangent vector at x, τ µ 0 ≡ τ µ (0), where
The geodesic equations may be solved for w + in a power series in ǫ, giving (7.20) where ρ on the right-hand side is always evaluated at w 0 . Switching + and − in this expression yields the solution for w − (ǫ). We define the point-split stress tensor operator by 21) and similarly for T −− . In this expression
These factors arises because ∂ + φ(x(±ǫ)) must be parallel transported back to x(0) in order to obtain a quantity which transforms as a tensor [34] . Upon taking the expectation value of both sides in some vacuum V , we find that 23) and similarly for T −− .
Application of the point splitting procedure
In all of the cases we consider the Hadamard function has the usual short-distance behavior 24) where the dots denote terms which are finite as x 2 approaches x 1 , and the point-split stress tensors have the general form
where the three functions f 1 , f 2 , and f 3 , which depend only on the point x and not on ǫ or τ ± , encode all of the physical information in the point-split stress tensor. To simplify the notation we here and henceforth drop the subscript 0 on τ µ . Finally, making use of the fact that g ++ = 0 and 26) we can combine both expressions in (7.25) into a single covariant expression for the pointsplit stress tensor, 27) where θ µν is the traceless tensor whose components in the w ± coordinate system are
The regularized stress tensor T µν (x; ǫ, τ µ ) diverges in the limit ǫ → 0, and furthermore the precise behavior of the divergence depends on the direction of approach τ µ . The renormalized stress tensor is obtained [35] by discarding all of the terms in (7.27) which depend explicitly on either ǫ or τ µ ,
From (7.27) we see that the terms which diverge as ǫ → 0 are universal and do not depend upon the particular state under investigation (i.e., they do not depend on the f i ).
Therefore the divergent terms always cancel out when we calculate the differences between stress tensors in different vacua.
Energy of the global vacuum
We begin by calculating T µν (u + , u − ) Global for the SL(2, R) invariant global vacuum in Poincaré coordinates. The only rank 2 symmetric, conserved, SL(2, R) invariant tensor is g µν , so we expect that T µν Global = cg µν for some constant c. In the notation of the previous subsection we find
where ψ(z) = ∂ ln Γ(z)/∂z and γ = −ψ(1) is Euler's constant. Hence the renormalized stress tensor (7.29) is
We have obtained the same result by applying Pauli-Villars regularization. Note that when h = 1 we recover 32) which is the massless Weyl anomaly T µν = A conjectured expression for a general value of h is Evidence that (7.36) is the correct expression for all values of h is a) Special cases. It correctly reduces to (7.34) for h = 1, 2, 3.
b) Conservation. The stress tensor should satisfy ∇ µ T µν = 0, which in Schwarzschild coordinates gives one nontrivial equation, 37) where T = 2g +− T +− , which is indeed obeyed by (7.36).
c) Behavior near the boundary. We saw earlier that the Schwarzschild modes behave like φ ∼ x h near the boundary x = 0. Therefore the stress tensor, which is quadratic in ∂φ, should vanish as T µν ∼ x 2(h−1) as x → 0. Again, this can be checked explicitly for (7.36) . In particular, the physical requirement that T µν vanishes at the boundary fixes any overall additive constant, and the fact that To see this, note that g µν ∝ (sinh x) −2 → 0, in which case the Lagrangian density 38) where the inverse metric in the kinetic term (∇φ) 2 cancels the zero coming from √ −g. Thus one should expect, and we indeed find, that for x ≫ 1 and any h the expressions expressions (7.36) tend to the massless values
This fixes the overall normalization of T ++ , which in turn fixes the normalization of T +− through the conservation equation (7.37).
Boundary Correlation Functions
It is expected [10] that string theory on AdS 2 can be described as conformally invariant quantum mechanics on the boundary of AdS 2 . The conformal invariance of the 1-dimensional boundary theory is a consequence of the SO(2, 1) isometry group of AdS 2 .
Boundary correlation functions evaluated in any vacuum other than the natural SO(2, 1)
invariant vacuum, such as the Boulware vacuum, will therefore not be conformally invariant. However, we have seen that the parameter T H is a measure of the non-SL(2, R)
invariance of the Boulware vacuum, so we expect the nonconformal corrections to boundary correlation functions in the Boulware vacuum to vanish as T H → 0. In this section we derive these boundary correlators and verify that this is the case.
Brief review
In order to fix our conventions and notation we begin with a very quick overview of the calculation of boundary correlation functions using the bulk propagator. The AdS/CF T duality [10] states that for every bulk field φ there is a corresponding local operator O on the boundary B, with
where S eff is the effective action in the bulk and φ b is the field φ restricted to the boundary [36, 37] . Let O h be the boundary operator of conformal weight h which couples to the bulk scalar φ of mass m 2 = h(h − 1), and let G V (y, z; y ′ , z ′ ) be the bulk two-point function of φ in coordinates where the boundary lies at y = 0 and is parametrized by z. This could be Poincaré coordinates with (y, z) = (y, T ), Schwarzschild coordinates with (y, z) = (x, t), or global coordinates with (y, z) = (cos σ, τ ). The subscript V is a reminder that the two-point function G V expresses a choice of vacuum. Boundary correlation functions will depend on the choice of vacuum in the AdS 2 bulk [38, 39] .
The two-point function should vanish as y h as either point approaches the boundary, and we define the bulk-boundary propagator for the corresponding vacuum state by [40] K V (y, z; z ′ ) = lim
(We ignore overall constants throughout this section). If we are given some boundary data φ 0 (z ′ ) for the field φ, then we can use (8.2) to extend φ 0 into the bulk by writing
Then φ(y, z) satisfies the equation of motion in the bulk because K satisfies the equation of motion in the variables (y, z). Next we plug the solution (8.3) into the action (6.1).
Upon integrating by parts, the action can be expressed as the boundary term
In the limit as we take the cutoff y → 0 the bulk-boundary propagator should approach a delta-function
so we can replace
The generating function for correlation functions of O h (z) in the boundary theory coupled to the source φ 0 (z) is given by the exponential of i times (8.7), so recalling (8.2) we find that (again, up to constants) [41] O h (z)O h (z ′ ) V = lim y,y ′ →0
(y ′ ) −h y −h+1 ∂ y G V (y, z; y ′ , z ′ ) . (8.8)
Correlation functions in the global vacuum
Substituting the global vacuum two-point function (in Poincaré coordinates) (6.16) into (8.2) gives the familiar bulk-boundary propagator
which leads to the conformally invariant boundary correlation function
For purposes of comparison, it will be convenient to write (8.10) in Schwarzschild coordinates. Recalling that the relation between the Poincaré time T and the Schwarzschild time t on the boundary is 2πT H t = ln T and using the conformal transformation law where we have dropped all overall numerical constants. This integral is not convergent but may be defined by analytic continuation. The problem is that the limit (8.8) does not commute with integration over ω. We present a quick way of getting the answer, which gives perfect agreement with a more careful analysis where one computes the integral first and then takes the limits. Define F h (t) to be the quantity in (8.14) . Then (from top to bottom). 
